
Homework 6, due 10/7

1. Compute the integral ∫ 2π

0

dθ

3− 2 cos θ
.

2. Compute the integral ∫ ∞
−∞

ex/2

coshx
dx.

Hint: consider the integral around a rectangle with vertices ±L, ±L+ iπ
as L→∞.

3. (a) Find the poles and corresponding residues of the meromorphic func-
tion f(z) = csc(πz).

(b) Show that
∞∑
n=1

(−1)n+1

n2
=
π2

12
.

4. Let H = {z : Im(z) > 0} denote the upper half plane. Find all biholo-
morphisms f : H → H.

5. Let f : D → D be holomorphic on the unit disk D, such that f(0) = 0.

(a) Prove that
|f(z) + f(−z)| ≤ 2|z|2

for all z ∈ D.

(b) Suppose that |f(z0) + f(−z0)| = 2|z0|2 for some z0 6= 0. Show that
then f(z) = eiθz2 for some constant θ ∈ R, for all z ∈ D.
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